Module 9 L, space and inequalities

9.1 Banach Space and L, space [Fol 5.1; 6.1]

%57 Folland 5.1(1), 6.1(1).

9.1.1 norm and completeness

Recall:

Def 9.1 (semi-norm, norm)

—~ semi norm &—MEEE || - || : V — [0, 00) starting from a vector space V. Hii /& (1): tri eq

(2): homogeneity.
IHR—> semi-norm % /£ (3): ||v|| = 0 iff v = 0, NWFFE H— norm.

Def 9.2 (Banach space)

—~ normed vector space (V|| - ||) #J induced metric space 5% complete {, BERLHEHRA—1

Banach space.

Remark Cauchy $8H9 @4 THAEE €, #AFLE N AN TAER n,m > N #h
|vn — vm]| < €
1M convergent $§ /) 2 AFFE— IR v, AN TAER e, BAFLE N X TAER n > N #5fF

[on — ]| <€

By tri ineq 2% 7 il BH: £ genral normed VS H1, convergent imply Cauchy, [ Z &), convergent & 5 5 [ 5%
fF. (interestingly, convergence in measure £JAs imply Cauchy in measure)
Example 9.1 R", C" with Euclidean norm is a Banach space.

C°([0, 1]): space of ctn functions on [0, 1] equipped with sup norm is Banach.

1f =gl := sup [f(z)—g(z)|

z€[0,1]
CY(R): space of ctn functions with cpt supp on R equipped with sup norm is not Banach! % & A %y, — N
cpt supp [ function seq FIAR FRA LA cpt supp. HAT (X[—p ) nen-

A metric space (X, p) is complete iff every Cauchy seq has a subseq that converges.

Proof Trivial.

’<

—> : Clear.

<= : subseq conv dist bound + Cauchy dist bound can bound the whole tail with arbitrary e.

XA statement, F 221 complete )€ XM A Cauchy seq #RWLSL, T4k HEE4~ Cauchy seq A — IS
subseq.



9.1 Banach Space and L,, space [Fol 5.1; 6.1]

9.1.2 every Cachy seq conv (complete) <= every abs conv series convs

Def 9.3 (series: convergence F0 absolute convergence)

XtF—~ normed VS (V, || - ||) H 1 seq (vy,), FATTFR Do | v, converges, WIRFHE v € V st
N

lim =X0)
=1

N—o0
—

R
N
o — nz::l'vnll =0
FATFE D2 | v, absolutely converges, 1%

oS
D llonll < oo
n=1

HI3X 4~ series Xt i f#) norm series converges to some real number. &
Theorem 9.1 (another criterion for Banach space)
A normed VS (V|| - ||) is a Banach space iff every absolutely convergent series converges. v

Proof ‘=" {04 (V.|| - ||) is a Banach space, Suppose > - | ||v,|| < oo, BUERAFIT-51)

N
Sy = Z Un,
n=1

ISn—Sall= | 32 v < 3

For large enough m,n X~ bound 7] PATCRR/), AT (Sn) is Cauchy. © <= " 45k (V|| - ||) H every
absolutely convergent series converges.
Suppose (vy,) is Cauchy. WTS it converges.
By Cauchy, f7-7F subseq, say labeled ny < ng < -« -, s.t. ||vg, — vp|] < %for all m,n > n; Then
oo
Z anj+1 - vnj“ <00
j=1
Let (y;) be s.t. y1 = Vpy, Yj = U,y — Un,, then

o0

1
> il < llwall+ > 55 = Il +1 < oo
Jj=1 J

HHA: .
J
'Un] = Z Yk
k=1
HIT 3252, llyjll < oo, by our assumption 152, X AMRHR limj o0 vn; = 3772 Yk RAFLER.
Remark 3 X/ME A — P RiSE A 458 {53 normed VS 1, —" series absolutely conver-

gent ] L HH BRI ER 4 0 seq 2 Cauchy 1. (& [ MR 24 B 3L)-



9.1 Banach Space and L,, space [Fol 5.1; 6.1]

FEA~ imply X R KR
oo o0
Z |xk|| < oo = Sy Cauchy SN converges <= Zxk converges = (z3) — 0
k=1 k=1
always
P

if Banach

GXEE WL 78114 Banach Fil “every abs conv seq conv” ‘245411, X H 2 £ Cauchy imply
conv FIHIEE T A MLFAK &R implication SCZR T . {HAG HHEE, 3X A4 ¢ £ KM SE M EFIER].)
(¥ %&, partial sum seq Cauchy 3~ imply J& series absolutely converge!)

9.1.3 {E{A] finite dim normed VS —E Banach, infinite dim N4 — 7 Banach

Note, FA1H1iELE R, C™ I, abs conv — %€ imply con; {H Z7F general (infinite dimension) ¥
normed VS |-, absolutely converge 37~ imply converge.

1. Asis known to all, R, C™ |- Euclidean norm [} induced metric /& Euclidean metric, making it complete
metric space, M ] z& Banach space.

2. recall in elementary functional analysis:
Def 9.4
FATFRPAS norms || - ||4, || - ||» on a vector space J& equivalent, WIHRAFLEHEL C1, Co > 0 15X T
15 = #E

Cillzlla < llzllo < Collla

iX— 7 X H[I topologically equivalent. [K°# equivalent norms define equivalent metric, AT same
topology. &

PASGXA e Bt i B

finite dimensional vector space X |, filf5 norms # equivalent.

X B AN IER.
F A E L, ATk 8 R, C* LR F{E(T norm &B;2 Banach space.
3. F47 recall: {FAd[ finite dim R-vector space 5§ C-vector space #J isomorphic to some R™, C™. [ fij F|
iX theorem, F 1 115:%: {£4dJ finite dim normed VS #}2 complete metric space (Banach space), regardless
of choice of norm.
SR infinite dim normed VS N>k % —E Banach.
— A LY R
V =R[z]

JIT A /) polynomials with real coeffs. % [EjiX— norm:

plloc = sup |p(x)]
z€[0,1]

Rlz] R TRRAEN. 1802 5 UK T AR B4R 5.



9.1 Banach Space and L,, space [Fol 5.1; 6.1]

(R[z], [|pllsup) A& complete {, H: completion J& Banach %3[f] C[0, 1], Fra7E [0, 1] LAY TESE R AL, with

the same sup norm.

FNHEFEATREA 43— infinite dimension {H & Banach [{) normed VS: LP spaces.

9.1.4 LP spaces

Def 9.5 (L, spaces)

Consider p € (0, 0).

Let (X, A, ) h—> measure space.
Define for f : X — R measurable:

17l = ([ 177 dw)” €000
Define
I2(s) = {F < 1fllp < oo}/ ~

where f ~ gif f =ga.e. &

[ % — 1> measure space (X, A, u), AT L, KfiiZ g LP(u).
Remark W, FMN1A S K PL:Af 0 < p < oo and f measurable, TFAE:
° f e LP
o |fl€LP
o |fIPeL!
Example 9.2 (X, A, u) := (R, £, m),
1
fx): = SX) felP(m) <= ap<1
1
f(@) = X100y [ € LP(m) <= ap>1
(X, A, /'L) = (Na P(N), #counting),

Lp(ﬂcounting) = {(an)nEN : Z ‘anlp < OO}

n=1
Lemma 9.2 (L,, space is a vector space)
L,, space is a C-vector space. O
Proof Suppose f,g € LP.
o
[f +9l” < (IF1+19]) < (2max{[f],]g[})” < 2°([f[" + |g[") 9.1)

F-J& by linearity of integral, 15[
f,gel? — f+4+gelPl

(Note: p > 1 B A DA by |z[? iX—pR £ convexity 15 £]iX 4™ bound, (HU2X AN HEHANT p > 1)
{HJ& Question 1: Is L, a normed VS? B[, || - ||, 22— valid norm [3? A: True for p € [1, 00), false for



9.2 inequilities on LP spaces [Fol 6.1]

p € (0,1). Homogeneity 1 || f|l, = 0iff f = 0 (a.e.) 2 RIRHY, (H2FNT &I, tri ineq A AR UEH].
Next lecture, we will show the Minkowski’s ineq, H[] L? space |/t =f A5
L+ gllp < [1fllp + lgllp
{E2 %M AL H hold for p € [1,00), 7 H. fail otherwise.
(FATMXFT LP space 5%, A1 focus on p € [1,00) BYIESL.)

Question 2: Is L” space, p € [1,0), Banach? Answer: Yes.

FATHRFAE next lecture fIERHE.

9.2 inequilities on L? spaces [Fol 6.1]

X Folland 6.1(2).
A EIERA Holder’s ineq DA X B 11 corollary Minkowski’s ineq, MM IERH: LP &—> normed VS, 7f H.2&
—~ Banach space (X B 1 < p < oo, {H2 later we will also prove L> t3/& Banach space).

XA AR

9.2.1 Holder’s ineq

Consider conjugate pair: p,q € [1,00) s.t.

1 1
Z42=1
p q

NIXFFAT 2 P> measurable function f,g: X — C, —EA:
gl < 1F1lp - llgllq
B, A0SR f € LP(n), g € L9(u), W fg € L' (), 3 H. equality holds iff

gllglf1” = N713lgl"  p-ae.

For (p, q) = (2,2), this is Cauchy-Swartz ineq:
1fglly < I f[l2 - lgll2

([r9) S/\fg!ﬁ\/(/\ﬂz)(/lgl?)

Trivial Case 1: 4125 || f|l, = 0 (8 ||g/lq = 0), then f is zero p-almost everywhere, and the product
fg is zero p-almost everywhere, -2 iI#L & 0, ineq trivially true.
Trivial Case 2: W5 || f|l, = oo or [|g|l; = oo, W47 i infinite, ineq trivially true. [T 4] R 75 2% &
and ||g||4 are in (0, co) ML T

o

Main case: F{1FF%—> Lemma:



9.2 inequilities on LP spaces [Fol 6.1]

Whenever p, g € (1, 00) with 1% + % =1, %H
a? b
<L+ Va,b>0 9.2)
p q

where equality is achieved if and only if a? = b9.
7B AFEHE AR
a A < Aa+ (1 - A\)b, Va,b>0

of Lemma:

b = 0 N trivial case. [Hf] setting ¢ := 7> reduced to show:

<M+ (1)
with eq iff t = 1. X 42 B IR0, A by Calculus, t* — \t J& strictly increasing for ¢ < 1, strictly decreasing
fort > 1), max fFt=1, IFFE1 -\

i ] Young’s inequality for products 5%:

@@ _ F@P @l g
Il gle = #1715 " algly” € ©.3)

Integrating both sides gives

p q 1 1
I fgll1 < Hprp n Hquq N ©.4)
1 fllpllglly — 2l fllp  qllglls 2«

which proves the claim.
Integration ¥ equality holds iff point equality holds a.e., 7f H., by Young’s inequality for products, _|JfjH)
equality holds iff

lgllglf1” = 113lgl" p-ae.

1. B8R, FRAEFRATHIE S A2 ] H1: Holder’s 1neq also holds on any measurable subset S C X:

L= ([ |fp) (f |g|q>3

2. 31X B R %—l—% = 1) p, ¢ FATFRZ ~: Holder conjugate, F-F1°E 11 EH. "~ %F /7 Y] conjugate exponent.
3. Zeil SEbr o2 AN IE(E B AL inner product, A4 THE— DM BGEE 75— 1

JUE WL Holder’s ineq 7EiR kA Cauchy-Swartz B} 387, P> eR A/ ] 5 1 N AR — 8 /N T4 TR AR,
il Holder’s ineq B 3 R EMTHYNAR—2 /N EATHBUE A E. conjugate /) norm KRR, I H.
sooner F A 1&242: %1/ Holder conjugates [ p, q, LP 1 LY H>k dual space, M Holder ineq F/~ 1)
3l 4& norm 5 H dual norm 2 [A]#) maximal inner product % il ¢ £

Holder’s ineq — generalization: X} /1% 0 < s < occand 0 < py,...,p, < oo such that

1 1 1 1
p1 D2 Pn S

A
1Sz falls < [ f1llpi [ f2llps - [ fnllpn-

This generalization will be proved in hw8.



9.2 inequilities on LP spaces [Fol 6.1]

9.2.2 Minkowski’s ineq: tri ineq on L?, Fi\ || - ||,-norm 2 L? E#9 valid norm

Minkowski’s ineq Bl LP space |}{J tri ineq.

Corollary 9.1 (Mincowski’s ineq)

MFAER 1 < p < oo, HhA:
1+ gl < I fllp + llgllp O

Proof WK, XL « &V
U+mpsoﬂ+w0u+mﬁl

B i
[iz+ar< [1s110+at + [lol-15+ 9P
Sl X
W) = |f(@) + gl
T

Jizar< [+ [ 1o

< [1£llpl17llg + Ngliol1Pllq

1/q
= (W7t + k) ([ 17+ g1700)

Hrr g 2 p 1Y) Holder conjugate. iX B Y] punchline is actually: {1

actually,

ESTE

o foris
(fp+gp)</”+gO1:
_ <||f|yp+ ||g||p) </|f+g|p) p

BRI ([ 1f +gP)' ™7 55

1/p
(/u+mﬂ = 1f + gl < 11l + Nl
T,
Remark JHIGHITR: A p YO HEETRR— 1 YO BHR—1 p — 1 WOHEE I B
451 Holder, BOREREAEI T/ 1 K MIBECH) pnorm AT A+ p — 1 WCHYBIACH ¢ norm, {LETE



9.2 inequilities on LP spaces [Fol 6.1]

q(p — 1) = p, XA KB I T

(f1or) v

e o) = 1l
(/W)Uq ()

Remark Minkowski ANZECIERRAIE 1 < p < oo B p-norm ) =AAE. HEXT 0 < p < 1, BIf
AIAL. R p — 1 < 0, FRATHI A B IE A ERL.

EALAERT: 76 p > 1 (IHE, |x[P J&—A> strictly convex [ER%L THE 0 < p < 1 (IHE, =[P W24
strictly concave [ PR %Y.

KM FeA 11z ] strictly concave [P it

. H HEE

la + 6P > |alP + b
T A P45 2) 5. (FL R indicator function #E47F4)

9.2.3 properties of L” spaces (1 < p < o0)

9.24 [P (1 <p < o0)isBanach

Theorem 9.4 (L? space (1 < p < o) is Banach)

LP (1 < p < o0) is Banach.

Proof By last lec f45EFH: —~ NVS J& Banach f)Z5 M) 25142 T & abs conv series #f conv. [H {111k HH
ik — A HP AT
Suppose f,, € LP for each n, 3 H.iX~]> series abs conv, E[I:

B = Z [ fellp < o0

k=1

ka o gn(z) =) fulx)

FAi7 define:

AT WTS:
Jm o =
in p-norm induced metric sense, Efl, for some f € LP,

lim_ g = g, =0

n—oo

Gni=> Il G=_|fil
k=1 k=1

XA BREL LA L BB 5 S22k 1 1) DCT, 4§ donimating function Jfj.

AT Set:



9.2 inequilities on LP spaces [Fol 6.1]

By measurable function [ limit behavior, 4
Gn,GeL"
IH
n
IGally <> I fkllp < B

k=1

T Gy /7 G, by MCT f5
/Gp:lim GP < BP <

n—oo

mTGelr f

G(r) <oo ae.
T N
g(x) == ka(x) < oo a.e.
k=1

3% ‘gn|’ |g| <G,gn — 9, ﬂﬁ%‘?”
lgn — gl <2°GP e L'

[l by DCT A] PATS-2]:
lim/|gn —g/P=0
n

1/p
i o=, = (1 [lan—aP) " =0

1. FA 71— function seq converge to —-~ function 5[%)42 in the sense of distance, [fijixX B i &

M

metric induced by norm, EI'E{[JHZR] L, norm converge to 0.
2. YR, Bl recall: fr, — fae HAUH fr — fin LY, A% converge FH AR —FE. 245K, XF
LP 1w B,
3. B X a.e. convergence [gEHEH L” convergence, B 2Fi & DCT, MATIA#EH. DCT EFKATIERR L?P
convergence HY <.
4. BLIER

lim Hg — gan =0

n—0o0

SEE A AR SN 1/p U5 HA A5 2HIE

1im/|gn —glP=0
#EATPAT . IERH LP convergence, Hife L' convergence M [ M i b 7wl S Bl R sR B 1S K T

9.2.5 Criterion for L? convergence: X 15 a.e. conv + L? §i143{H conv

FATWI 74 mention: DCT %f-F function seq L? convergence FJUEPHE R KA. X B A T2 AL— DCT
) LP convergence [ 1| ifE )



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

Theorem 9.5 (Criterion for L” convergence)

if fo — fae and || fully = || fllp, then || fo = fllp — 0.

Q
&l
a.e. conv + LP norm conv = LPconv
{H )& converse A ST il SE typewriter function.
Proof InHw 8.
9.2.6 dense subsets of L, and specially L”(R,m)
Proposition 9.1
XTFAERE 1 < p < oo, the set of {simple functions}, is dense in LP.
IR
n
{f:X>C|f=)ajxgmE)) < oo}
1
42 LP ] dense subset. o

Remark FXAT1EL 24 proved this for L1, T HS23% 4™ density )% LP 4857
Proof X} f ffiff] simple function seq &3, i ] 2P| f|? /& dominating function of |f — f|P; 1 J5{#i F
DCT {5k

Theorem 9.6 (C?(R") is dense in LP(R, m) for 1 < p < o)

CY(R™) is dense in LP(R,m) for 1 < p < oo 0

Proof exercise. Similar to the proof for L', HZZ5(di /il A p power [#] function {f 4 dominating function
BT,

9.3 L space, and relationship between L” spaces (0 < p < o0) [Fol 6.1,
finished]

% Folland 6.1(3), finishing 6.1.
HATDAFEM TX 1 < p < oo iy LP space HHHE. HIFE, FA DRI E G —IPFE: L space.

9.3.1 L space
175 1BX A A KA 1
X = {1a2a"' 7n}’ A= P(X), U = Hcounting

T
LP() = {(ar,++ ) l(ar, o san)lp = (Y Jail?) 7 < o0} = C"

10



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

el =

(v, -+ s an)llp — max|a;| as p— oo

BRI A p BUSECKR, i K entry [7) contribution fj FLAfEKZE H .

XFFIXAERY LP space, FATTAILASE X sup norm, & AR entry.

R X 2 countable [, XA LA AT PARE SCH sup; |a;], make sense.

A2 FFe A TAH B 4541 25 1Y measure space 5 X sup norm Wg? FeA 10 DA &

[flloc := sup [f(z)[ ?
rzeX
Lbr EFATA E I E ST

[flloo :=inf{a > 0: p{z : |f(z)| > a} = 0}

WA AE

ess sup | f(z)|
zeX *

essential sup & LR S A1) E L.
—~ function [ essential supremum R[J: iX-|~ function JL-F-AbAL Y sup.
B <sup [, FENEARVIIETIAE FAAE—2 A n R B E R T E.
X G, PR AT AR TR SR AE.

X225 G 23 451 measure space _FTRREL, Hoan X T £°°(N) YRS, L essentail super-

mum Hf] supermum.
XFF
sup | f(z)]

zeX
FATHA —DFRIF, FREH K uniform norm. RJI:
[fllu := sup | f(2)]
zeX

Def 9.7 (L°° space)

L>®(u) :=={f : X — C measurable : || ]| < 00}/ ~

where ~ 7R a.e. FHEEHY R equiv class. &

W f e L®(n), HAZEHTF f a.e. bounded!
S recall: f a.c. bounded & f € LP(u) for any 1 < p < oo MIBERM, 7. WHBU RAHE < oo,
BREL p OB BN AT RE < oo
feL>®(n) *ATEPE%E’J S, MERAR IR T f ae. bounded.
Hﬁﬁ% f 1, 087% 0 X—1 &L f £ unbounded {4, {E2 EH] essential supermum {BAE oo, [
AT eI i 259 —> measure 0 set 3£ {#i'EZ bounded.



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

TEERREN A M, 15 f 2 LTPRENT M. AR RBSE S, f 78 (0,1/M) F/NT M, XA ERAIIE
Bl M IR )N, (B2 IR . (FFRRX A R A A 8 TALAT LP(m).)

—/NER%X essential supermum < oo, Bl € L, M.WAZH %t unbounded [IX 7R 42 A DA ZIE AT, A
eI Ay, HIETE Q | unbounded. AR EAE—> 5 _EFELE blow up, IRAEWA W HE € L. Z{U
TRER f=1.

FATHEA T A L UERH, 415 measure space X has finite measure, A2
L¥(X)Cc ---CcLP(X)C---Cc LYX)C---c LYX)
for (L7 p > ¢.
XRUI R, LE—E KT, L™ )2 2K i 11 space.
THE A B ML AL BT

9.3.2 (> space

Def 9.8 (¢°°)

2= (@)1 : [[(a5) |0 := sup |aj| < oo}

! L)
Example 9.3
f=xxq € L™(m)
with
[flloc =0
A Q HR 2 Z M.

£ S
X =N, A= P(X), M = Hcounting

[ measure space [ L™°(p).
{° = [*° (N, P(N)a /'Lcounting)

—A~ seq 2 — M N to C HY K%L, HE4F1 entry map to —~ complex number.
M3$F counting measure {E ) measure ] measure space t, ME—H)EMEFRE T &, F-HHHH HE—
MICE, XA TR R 1.
Fean, AT HE =N entry 1,2, 8, F {|an|}5°\{|a1], |azl, |ag|)} H A sup value, 4145 £ essential supremum
)5 L.
BRI FRATT 2 B0, 3 F ME—BYE N &5t 2 =5 & Y measure space, for example, {E{A[2L counting measure {E
-4 measure Y measure space, H essential sup norm i 2 I£iFEHY sup value norm.
tean

chC?,C3 -



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

9.3.3 L™ WEZARME: as a NVS; Holder’s ineq on it; dense subsets

Lemma 9.4
R f e Lo°(p) N:

o —EAH |f(@)| < ||f]loo for ae. .

o TEfE— bounded pR%Y g, i f = g ae.

Proof k.
Remark 2EAIEENZEMEE F unbounded {HAZ A L™ WIRE? B R EHEMN:
%, re€Qn(0,1]
f(z) =

0, otherwise
A || fllso = 0.
Theorem 9.7

1fglloc < [[fll1llgllo

AIMEEF 1 Holder B—#BS 53R 1B 5L, Il AR 1R
11
[T =1

Mifi#bFE5e & | Holder ineq for 1 < p, g < oo
o L J&—~> normed vector space, equipped with || - ||o0

o simple functions are dense in L>°

Proof Z51ERA.
Remark YEE, L® Fl LP H— AL R COR™) HARE L°(R”, m) LHY dense subspace!

9.3.4 L>-convergence {£ 2 (finite measure space ) 52 HJ L” convergence: Z{/}F uni.

cony a.e.

Theorem 9.8 (convergence in L°° <—> uniform convergence a.e.)

fon— f in L <= existsnull set £ C X s.t.f,, — f uniformly on E°

(HE, XA E conv almost uniformly, 172 —~H almost uniformly SE5& 1) 45{4: conv uniformly
almost everywhere, [X°}) almost uniformly H B3R XA = €, BMFEAE—] measure /N T € 1 E,

#5954 E¢ I uni conv HJA].) .

Remark jX—2% convergence T/ A. K AXtFEiEAY LP space, converge in LP [ a.e. convergence
HEHEAMERERXZR; (HEXT L convergence, Fe A TAI 7] DA E T uniform convergence almost
everywhere, which is —/{~[t a.u convergence ¥ 3&, Lt a.e. convergence E3RHJIZX & convergence. 1] DL
H L convergence & HATA] LP convergence HREEGE—ANZ IR UL S H.

T

13



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

Proof : Suppose f, — f uni. a.e; WTS: f, — fin L™ f, — funi. ae B FEZEMEE C X, f, — f
on E°.
Lete > 0.
fn — funi. a.e FHH, fF7E N {§if5 foralln > N &
Ve e B |fu(x) = fz)] <e
by def, exactly is:
[fn = fllzee = esssup,ex [fu(z) — f(z)] < €

This shows that || f, — f||ze — 0, Bl f, — fin L.

: Suppose f, — fin L°°; WTS: f,, — f uni. a.e.Denote:
en = |[fn = fllze
By assumption, €,, — 0. Define for each n:
Ap ={z € Xt |fulz) — f(2)] > en}
By def || fr — fllL = ess sup,|fu(z) — f(2)] < en, T/ p(An) = 0 HBAL:

E = G A,
n=1

by subadditivity of measure A p(E) = 0. T2XTAEE e, #A
|fn(z) — f(2)| <€, — 0, forallz € E°

i1+ e, — 0, showing that outside E, H ||fn — f|lz~ — 0.
Remark X~ convergence H 6 & H IRAHZE ).
X IR UL L°°(p)-convergence 5l /2 5% T {14 LP(u)-convergence fif. K4 BIf# /2 uniform )
ptwise conv tHIGVEEH LP conv.
FEIRIG Dlig, ANSR#EA base space X /2 finite measure Y, JIH] DASE H

L°°(p)-convergence —> LP(u)-convergence —> L9(u)-convergence —> - - -
whenever p > ¢. (A]IEAH)
(BT T R B 2 [, X RS AR T

9.3.5 L as Banach space

Theorem 9.9 (L? (1 < p < o0) is Banach)
For any measure space (X, A, i), LP (1) is Banach forall 1 < p < oo

Proof FATE 4L proved T 1 < p < oo [ case, BLLE prove p = oo [ case.
By 9.1, {15118 STS: every abs conv series conv in L,
FA'T suppose fi, € L H

o0
D el < o0
k=1

WTS: > 72, fi converges.

14



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

Set:

TrRA

1 setting

note:

NI

Ey o= {x: [fe(x)] > [ felloo}

w(E;) =0 foreach k

o
E = U o
k=1

n(E) =0

re B = S 1i@)] <3 oo < 0
k=1

k=1

9:=> fr
k=1

1E E¢ |2 well-defined i, H. bounded by Y22 ; || fi|loo-
STz € B, FeA 0] ARG BAE, el m, 285 define g(x) = mon x € E. SRJ5XFT each n, FA] set:

NI]

22:1 fk(x)’ xr € k°
1

T

gn(@") =
reF

o0
lgn = glloe < sup |gn(x) — g(2)| < sup | Y fulz)|
zeke rek° el

n+1

My reflection: /N Banach [{] normed vector space s&ftAFEFHIINE? B, iX~) space W fEFEH L

series, X} ] norm series absolutely conv {HJ2& & £IA converge to —4~JC 2 NE?
FATHEIEZH] coo, E2FTF finite supp [ seq LAY 25 [H):
coo := {x = (1, 29,...) € RY | only finite z; # 0}

with ¢! norm:

o0
lzll = lai
i=1

coo s&— 1 normed vector space, {H 4~ /& Banach space, B [H52451b 2 0. FoAi155 J& series, with:

Ty = €, /2"



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

Hre, =(0,...,0,1,0,...), % n Mg 1, HAyug 0, 21X 1> NVS 1Y standard basis.
BREAN x, € €00, FHH:

ol = 5 = wa S

n= 1

X A&~ absolutely convergent series, {H HFl

an_< = ;) ¢ coo

L? space 1) Banach 4%/~ T HARRFERNFAE . recall, Banach Bl complete NVS, Jfij complete 2 tb
closed B3R 4.
MR — LP & 415!, 305 Cauchy / converge in L” norm, #PAEHIRIR—EE L* EB.

| =

9.3.6 relationship between L” spaces
9.3.7 L™(u) C L™(1),0 < n < m < oo, for measure finite space)

WA FRATE L state T, {HIA A5 IEA:

HI1 5 measure space X has finite measure, A
L*X)c---cL™X)C---CL"X)C---
for fEEHT m > n.

OB FRATE KA p < 1t include HEFRATHIITIE.
X~ statement F[l: X} from finite measure space to C [ function f, B || f|lm < oo &k || flln < co B

Si A 25 AF-
Je, BrZe Lo° (G0, B EENEER: XT 0 <n <m < oo Wi, fIMLXHER m K5 Fs
<00 ZE[C[ﬁ fHIERHER 7 ROTHIRY < oo THTIRINZIE.

ok R E R FE. BROARET |f] > 1 13,

/ |f|large > / ‘f|small

1£1>1 iz

/ |f|large < / |f|small
IFl<1 IFl<1

SRTT I FZE A space B measure 2 finite {Y, | f| < 1 BIEBSFH AN, F-H

large < small < 1< X
e [ st [ s po
ﬁﬁy X‘—J‘:‘F‘ M( ) < 00 E/J rﬁﬁ Eﬁkﬁ Hf”large < o0 XEH: Hstmall < 0 Egiﬂﬁ?h'ﬁ:

AT [f] < 1 B84y,

(LB £, IR AE measure finite 17 2 £ [f(2)] < 1, BABRME w(X) = oo, [[flliarge < oo HRELL
| fllsman < oo EIRAISEAF; MAIRA measure infinite {9 = k |f(z)] < 1, ABABTEE || fliarge < 00 B
EE || fllsman < co B FERIE)

My point: B8R | f()|"979¢ e | f () |l SR B KRR /N T | f ()] 275 > lor< 1, fHE > 11



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

B2 7] PA unbounded (), Tl < 1 AMEFFE AGEL /MK 5K, A 1. FHW | f(x)] > 1 #E
5 BE R AR - (LI BRI, BRIEAE—> measure infinite (A - [ f ()] < 1.
X B AN B4 P A

56, AT m = oo Y case, fI2R f € L™ = L=, IR2BUER 1 < n < co #HA:

/uw;ﬂm@:w&MM<w

W, WTIE#) m < oo (1 case, FATMH Holder: W f € L™, WM TAEE n < m, ATA] DAKYE
tH Holder conjugate ™ FI —— AL jfij:

Jisr= [ )
<(Jarm )m(

= [[fllmm(X

=)

NID)

[fllm <00 == [[flln < o0

iX— proof FI| fi] Holder conjuate, il £ #4315 £0 7 = () Holder conjugate, 8 [ | f|™ 8B T || f]lm 1) expres-

sion.

PATF e — iy 15

Example 9.4 2% & measure finite B measure space (0, 1): i £ #L1Y Calculus F A1 H1E:
1

flx) = im € LP(0,1) forallp < —
x m
HRATAL R m, #A: X
i F 11776 —1> measure infinite ) measure space (1, 00) R R ), R Al —4 k8L
f) = we (1,00
AN, p #SS, [ F1P = || fIIp Bk, 38 28 i) Caleulus FATTRITE: B AT 058 1 %+
flx) = wim € LP(1,00) forallp > %
%Fﬂ feL=(1,00), WH (| flleo = 1.
XA 8] B A BR BT T AT A SHER), WA infinite measure £0& 1 « b |f(2)] < 1, HF4
TET ”f”large < o0 XEHQ ||f||small < 0 EEE}E/} #F

9.3.8 control arbitrary || f||,, 1 || f||. B9K/J\EE {5, in measure finite space

A RO S
J1sr < 1lnt)

PATT p 7, AT RAREI— AR



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]
Theorem 9.11

X measure finite space X, X TAEER 0 <n <m < oo, f:

V)
X —AH A, BE measure finite space [, XL E2 0w pR L, 4540 7P ME L) fune
tion p-norm (44 for p < 1 ANEE/HEHIFR A norm) 2 [B] K/ N K FR .

939 (L"NL)CcL™C(L"+L"),MEEOI<n<m<r<oo

%fF measurable f : X — C,

£ 1711

is log-convex.

equivalently B[l: X} FEEZH 0 <n <m <r < oo, HyH

A -
1l < £ 11 £
where

m) =)+ e-0()

'y
Remark log convex H[I: iXA4~pR %01 log pRELE convex ). BIXTTATE =, y, VAK [z, y] AT E— 5, B

. 1
i1 € (0,1), z.e.<
n a

Az 4 (1 — A)y for some A € [0, 1], HRA:

log f(Az + (1 — N)y) < Alog f(x) + (1 — A)log f(y)
EIR

FOx+ (1= Ny) < f@) My
BI: e, e, 2" # 1 log-convex 1. convex A LA U2 " BEUE/NF ZTF M H & MRRE”, A

fi < PB A BAR T, 11 log-convex BRECHY JLAT R X2: . 1 ALfi < WISk A0 JLAT 4.
BCHL A L < L RN L. log convexity R F:

£l < ILF I - NI
Proof Forr = oo, then A = 2.
Since
LA = 1f" AT < A AT ace.
CIRYNEE:

/ < ( / |f|”> A = A A

M7 Taking gth root f5:3] 455

1f e < IFIR1F 1™

18



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

For r < oo: FkA12R H conjugate exponents:

n r
Am’ (1= \)
e SlySR
() 2() - () = 1-3(2)0-n(2)
MM Applying Holder:

[1sm = [1gpmiga-om .
é(/!f!”) (/W)

=[£I A
Taking ¢ th root 1551 %%
Holder’s ineq {598 /& ik B B —2. FRATIX T EFI A convexity ik H1[) “point on a line

segment” {434 15—~ conjugate.
HEALFRATAT A 3% A proposition B #4531 —MMfEiE:

MFEERNO<n<m<r<oo #H
(LTL m LT) C Lm

Example 9.5 % A NEEEE,0<p<qg< o0, A:
[fllg < IIfll, andthus ¢P(A) C €9(A)

4
&

A
I£ll5e = sup [ f(a |”<Z|f a)l” = [l fII5

F-I& for ¢ # oo case
1£llg < WFIDIFISA < 1F 1

(53— case, trivial.)

FATE I 0P 23 18], p B/ NEER ST 8™ A%

XA 07 238 AR — A RO 2 — > seq, H p-norm 2SI p RTT AL FHIT p IRTTAR.

Xﬂié/l\ seq, QIARERY R series WS, ‘BRI TIH & 2 eventually YTETHY, JE 21X L[5 747 BRI AP
XLETRZERHEHAR 2 < LB, R4 p 8K, BT p RAFR S/ X IEXS Y. 7 IRATZ BB [ f(2)] < 1

HRESRE BB

XTI inclusion X &, FATILA J3 Fh—4> inclusion & F:



9.3 L space, and relationship between L” spaces (0 < p < o) [Fol 6.1, finished]

Proposition 9.3 (51 L™ REEE— L" BEFI— L BERIFIO <n <m <r < 0))
XTAERR 0 <n<m<r < oo, A

XA~ inclusion 5 R4 — MR ESE/E L. & roughly mean 255 — A BR%L B T AR — I 5
TR R ERN— BN ZS 2 AR R AL, FF HLFRATTAR SRR BE b AT DA il 1 b i) ] AR I
E SRR B, S HRATZ B [f(2)] < 1F0 > 1 B DAy, $E BB Sl O B 4. s
| £ B9 m RT3 2 ATAREY, ABATE/ING n 007, 3T [f ()] = 1 s e TR SRR 07, R
T f ()] < 1RERS € e nT A
Proof Suppose f € L™. Let

E:={o:|f(x) > 1)
let

9:=[fxe, h:= fxge

FRgeLtforall0 <n<m,hec L forall7 > mandr = oo.

20
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